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Abstract
The discovery of the Higgs boson is both a milestone achievement for the
Standard Model and an exciting probe of new physics beyond the SM. One of
the most important properties of the Higgs is its mass, a number that has proven
to be highly constraining for models of new physics, particularly those related
to the electroweak hierarchy problem. Perhaps the most extensively studied
examples are supersymmetric models, which, while capable of producing a 125
GeV Higgs boson with SM-like properties, do so in non-generic parts of their
parameter spaces. We review the computation of the Higgs mass in the Minimal
Supersymmetric Standard Model, in particular the large radiative corrections
required to lift mh to 125 GeV and their calculation via Feynman-diagrammatic
and effective field theory techniques. This review is intended as an entry point
for readers new to the field, and as a summary of the current status, including
the existing analytic calculations and publicly-available computer codes.
1. Introduction
The discovery of a Higgs boson with properties broadly in agreement with
Standard Model (SM) predictions is a major success of the first run of the Large
Hadron Collider (LHC). From invariant mass peaks in the decay modes h→ γγ
and h→ ZZ → 4`, the mass of the new scalar is already known with remarkable
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precision:
mh = 125.09± 0.21 (stat)± 0.11 (syst) GeV , (1)
as determined in a recent ATLAS+CMS combined analysis [1].
In the SM, the Higgs boson mass is largely determined by its quartic self-
coupling λ, evaluated near the electroweak scale. λ is a free parameter, and
therefore most of the interesting information it tells us about the SM concerns
the renormalization group behavior of the theory at much higher energies [2].
In contrast, mh is well-known to provide a sensitive probe of physics be-
yond the SM, particularly new physics associated with the electroweak hierar-
chy problem (EWHP). Composite Higgs models of different types make different
predictions for ranges of the quartic coupling, and therefore for the Higgs mass.1
Likewise supersymmetric models, which will be our focus, make interesting pre-
dictions for mh.
It has long been known that the Minimal Supersymmetric Standard Model
(MSSM) can easily incorporate a SM-like lightest Higgs boson and that its tree-
level mass is bounded from above by the mass of the Z boson. This result is not
incompatible with (1) for two reasons. First, as was originally shown in [4–6],
the Higgs mass prediction in the MSSM is subject to radiative corrections that
can significantly modify the tree-level result. As a byproduct, the Higgs mass
becomes correlated with other parameters of the theory. Second, non-minimal
supersymmetric models can introduce additional terms that contribute to the
mass at tree level, through non-decoupling F - and D-terms [7–11].2
If (1) is to be obtained in the MSSM, the radiative corrections must be large,
and a very precise calculation is required to limit the theoretical uncertainty
from uncomputed higher order corrections. The payoff is that a prediction for
mh as a function of the superpartner masses, together with the experimental
1For reviews, see [3] and references therein.
2A hybrid possibility is that radiative corrections from new fields in non-minimal models
can give significant contributions to mh; see, for example, [12].
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value, can serve as a guide to parameter regions in which SUSY might live.
Furthermore, while it is possible to saturate (1) with tree level effects in non-
minimal supersymmetric models, it is often the case that some radiative correc-
tions from MSSM fields are also required (see, e.g. [13, 14]). Therefore, it is of
general importance to supersymmetric phenomenology to have a high-precision
calculation of these effects.
In this article we provide an introductory review of the theoretical status
of the Higgs mass in the MSSM. We start with an introduction to the MSSM
Higgs sector in Section 2. In Sections 3 and 4, we describe the computation
of the leading quantum corrections to mh in two frameworks: the “Feynman-
Diagrammatic (FD)” or “fixed-order” calculation, and the “Renormalization
Group (RG)” or “Effective Field Theory (EFT)” calculation. In both sections
we discuss subleading corrections and the current state-of-the-art. For numer-
ical work, there are a number of publicly available computer programs that
calculate mh in different ways and with different levels of precision. We review
the public codes with the most sophisticated computations of mh in Section 5,
and comment on codes that compute radiative corrections in supersymmetric
models beyond the MSSM. In Section 6 we summarize and conclude.
2. The Tree-Level MSSM Higgs Sector
We begin by briefly reviewing the Higgs sector of the MSSM at tree level and
establishing notation and conventions. Some familiarity with supersymmetry is
assumed. Excellent introductory reviews of both supersymmetry and the tree-
level Higgs sector include [15, 16].
In the SM, one scalar Higgs doublet H is sufficient to break electroweak
symmetry and give masses to the quarks and leptons. To build the MSSM
Higgs sector, we might begin by promoting H to a chiral superfield, but it turns
out this is not enough. The minimal supersymmetric model requires two Higgs
doublet chiral superfields, Hˆu and Hˆd, whose lowest components yield two scalar
doublets. The extra chiral multiplet is necessary for two reasons.
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• Holomorphy and gauge invariance of the superpotential. The quark and
lepton masses arise from Yukawa couplings in the superpotential:
W ⊃ −huHˆuQˆˆ¯u+ hdHˆdQˆ ˆ¯d+ heHˆdLˆˆ¯e , (2)
where Qˆ, ˆ¯u, ˆ¯d, Lˆ, ˆ¯e denote superfields containing the SU(2)L-doublet
quarks, the up and down type singlet quarks, the doublet leptons, and
the singlet charged leptons, respectively. Gauge invariance requires that
the Higgs fields coupling to Qˆˆ¯u and Qˆ ˆ¯d have opposite hypercharge, while
holomorphy requires that the fields are both chiral. In the SM, there is
no holomorphy requirement, so the masses of the up-type quarks may be
obtained from the conjugate of the field providing masses to the down-type
fermions.
• Anomaly cancellation. Gauge anomalies cancel in the Standard Model,
but promoting the Higgs doublets to superfields in the MSSM introduces
new chiral fermions, the Higgsinos. Cancellation of the SU(2)2LU(1)Y and
U(1)3Y anomalies is maintained because the hypercharges of Hˆu and Hˆd
are opposite.
In addition to the Yukawa couplings (2), there is one other gauge-invariant
holomorphic term we can include in the superpotential:
W ⊃ µHˆuHˆd , (3)
which gives mass to the Higgsinos, provides quadratic terms in the Higgs po-
tential, and contributes to trilinear scalar interactions.
The Higgs kinetic terms, gauge interactions, and scalar quartic interactions
arise from the Ka¨hler D-terms,
Lvector =
[
Hˆ†ue
2g′Vˆ ′+2gVˆ Hˆu + Hˆ
†
de
2g′Vˆ ′+2gVˆ Hˆd
]∣∣
θθθ¯θ¯
, (4)
where Vˆ ≡ T aVˆ a, Vˆ ′ ≡ Y2 vˆ′, and Vˆ a and vˆ′ are the SU(2)L and U(1)Y gauge
superfields, respectively, with gauge couplings g and g′.
In a model with exact supersymmetry, each fermionic degree of freedom is
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present with a mass-degenerate bosonic partner, and vice versa. Since mass-
degenerate partners for the Standard Model fields have not been found, realistic
supersymmetric models must incorporate some controlled amount of supersym-
metry breaking. In the MSSM, the breaking is parametrized by “soft” (dimen-
sionful) terms in the action:
Lsoft =−m2Q˜Q˜†Q˜−m2u˜ ˜¯u† ˜¯u−m2d˜ ˜¯d† ˜¯d−m2L˜L˜†L˜−m2e˜ ˜¯e† ˜¯e
−m2HdH†dHd −m2HuH†uHu + (BµHuHd + h.c.)
+ (huAuHuQ˜˜¯u+ hdAdHdQ˜
˜¯d+ heAeHdL˜˜¯e+ h.c.)
+
1
2
(M1λBλB +M2λ
a
Wλ
a
W +M3λ
a
gλ
a
g + h.c.).
(5)
The first line provides soft breaking masses m2
Q˜
, m2u˜, etc. to the sfermions;
the second line gives soft masses to the Higgs bosons; the third line contains
soft trilinear Higgs-sfermion-sfermion interactions with dimension-1 “A-term”
couplings; and the fourth line provides soft masses for the bino, wino, and
gluino. The soft sfermion masses and trilinear couplings are in general matrices
in flavor space, but the absence of flavor-changing neutral currents suggests
that either the sfermions are very heavy (perhaps a thousand times the TeV
scale [17]), or the flavor structure is not random. A common hypothesis is
that the soft mass matrices are approximately proportional to the unit matrix
and that the trilinear couplings are proportional to the Yukawa couplings (as
already indicated in Eq. (5)). A detailed specification of the flavor structure will
not be essential to understand the dominant radiative corrections to the Higgs
sector discussed in this review. For our purposes, since a SM-like Higgs boson
couples most strongly to the top sector, the most important parameters in the
soft Lagrangian will be masses of the stop squarks and their trilinear couplings
htAtHut˜˜¯t.
The soft Lagrangian, the Ka¨hler D-terms, and the superpotential all con-
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tribute to the scalar Higgs potential:
VHiggs =
g2 + g′2
8
(H†dHd −H†uHu)2 +
g2
2
|H†dHu|2 + |µ|2(H†dHd +H†uHu)
+ (m2HdH
†
dHd +m
2
HuH
†
uHu)− (BµHuHd + h.c.) (6)
The quartic couplings arise from the D-terms and are thus constrained to be
functions of the weak gauge couplings. The second line of (6) contains the
only complex parameter in the Higgs potential, Bµ. The phase of Bµ can be
rotated away with a Peccei–Quinn transformation, and we will see below that
the minimum does not spontaneously break CP , so the Higgs sector is CP -
conserving at tree-level.
Let us now analyze the vacuum structure of Eq. (6). We express the scalar
doublets in terms of charged complex fields φ+u , φ
−
d , neutral real fields φu, φd, ζu,
ζd, and vacuum expectation values vd and eiϕuvu for the neutral components:
Hd =
vd + 1√2 (φd − iζd)
−φ−d
 , Hu = eiϕu
 φ+u
vu +
1√
2
(φu + iζu)
 (7)
One of the vacuum expectation values, which we choose to be vd, can be made
real with a hypercharge rotation, while we parametrize a possible phase differ-
ence between the vacuum expectation values with the angle ϕu. The Z boson
mass arises from the couplings in Eq. (4),
M2Z = (g
2 + g′2)(|vu|2 + |vd|2)/2 , (8)
and determines the combination
√|vu|2 + |vd|2 ≈ 174 GeV.
The vacuum conditions are determined by the vanishing of tadpoles tΦ:
∂VHiggs
∂Φ
|Φ=0 ≡ −tΦ = 0 , Φ = φu, φd, ζu, ζd. (9)
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At tree-level, these conditions read
0 = −tφu = −
√
2Bµ vd cos(ϕu) +
√
2m22vu −
G2vu(v
2
d − v2u)
2
√
2
, (10)
0 = −tφd = −
√
2Bµ vu cos(ϕu) +
√
2m21vd +
G2vd(v
2
d − v2u)
2
√
2
, (11)
0 = −tζu = (vd/vu)tζd =
√
2Bµ vd sin(ϕu) . (12)
where we have introduced the notation m21,2 ≡ m2Hd,u + |µ|2 and G2 ≡ g2 + g′
2.
The minimum conditions will change in the presence of radiative corrections;
the introduction of the tadpole parameters will be useful in taking these into
account. It is most convenient to solve Eqs. (10)–(11) for m21 and m
2
2 and set
ϕu = 0.
The real and complex scalar fields introduced in Eq. (7) describe the different
interaction behavior of the Higgs doublet components, but they are not mass
eigenstates. The fields with the same quantum numbers mix through the bilinear
terms in the potential:
VHiggs|bil. = 1
2
(
φd, φu
)
Mφ
φd
φu
+ 1
2
(
φd, φu
)
Mφζ
ζd
ζu
+ 1
2
(
ζd, ζu
)
MTφζ
φd
φu

+
1
2
(
ζd, ζu
)
Mζ
ζd
ζu
+ (φ+d , φ+u )Mφ±
φ−d
φ−u
 . (13)
Before applying the minimization conditions Eqs. (10)–(12), the mass matrices
for the neutral components read:
Mφ =
 m21 + 14G2(3v2d − v2u) −(Bµ cos(ϕu) + 12G2vdvu)
−(Bµ cos(ϕu) + 12G2vdvu) m22 − 14G2(v2d − 3v2u)
 , (14)
Mζ =
m21 + 14G2(v2d − v2u) −Bµ cos(ϕu)
−Bµ cos(ϕu) m22 − 14G2(v2d − v2u)
 , (15)
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and
Mφζ =
 0 Bµ sin(ϕu)
−Bµ sin(ϕu) 0
 . (16)
Due to the condition (12), the mixing Mφζ between ζ and φ fields vanishes
at tree-level. Therefore, there is no CP-violation in the MSSM Higgs sector at
tree-level, and we can consistently refer to the ζ and φ fields and CP-odd and
CP-even, respectively. At higher orders in perturbation theory, CP-violation
can enter the Higgs sector.
Similarly, before minimization the mass matrix of the charged Higgs bosons
Mφ± reads:
Mφ± =
m21 + 14(G2v2d + G˜2v2u) −Bµ e−iϕu − 12g2vdvu
−Bµ eiϕu − 12g2vdvu m22 + 14
(
G˜2v2d +G
2v2u
)
 (17)
where G˜2 ≡ g2 − g′2.
Imposing the minimization conditions and diagonalizing the mass matrices
yields the masses and the corresponding mass eigenstates. The transformation
from the interaction eigenstates φu, φd, ζu, ζd, φ±u , φ
±
d to the mass eigenstates
h, H, G, A, G±, H± can be described by the unitary mixing matrices Un and
Uc, with
(h,H,A,G)T = Un(φd, φu, ζd, ζu)T , (H+, G+)T = Uc(φ+d , φ+u ) . (18)
At tree level, the matrix Un is block-diagonal:
Un =
Uα 0
0 Uβm
 (19)
and the matrix Uc = Uβm . The matrices Uγ take the form
Uγ =
− sin γ cos γ
cos γ sin γ
 , γ = α, βm . (20)
It is customary to define an angle β by the ratio of the vacuum expectation
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values, tanβ ≡ vu/vd. At tree-level, the mixing angle βm is identified with the
angle β, tanβm = tanβ. The mixing angle α satisfies
tan 2α = tan 2β
Bµ(tanβ + cotβ) +M
2
Z
Bµ(tanβ + cotβ)−M2Z
, (21)
and for MA > MZ , α can be taken in the range −pi/2 < α < 0. It should be
noted, however, that these relations can be changed at higher orders, in particu-
lar, the mixing angle βm and β might differ (and the mixing angle diagonalizing
the charged Higgs mass matrix can also differ from βm).
The tree-level masses of the CP-even Higgs bosons M (0)h , M
(0)
H , are given by(
M
(0)
H,h
)2
=
1
2
(
Bµ(tanβ + cotβ) +M
2
Z
±
√(
Bµ(tanβ − cotβ) +M2Z cos(2β)
)2
+
(
2Bµ +M2Z sin(2β)
)2)
,
(22)
where M (0)h corresponds to the minus sign. The CP-odd Higgs boson masses
are (
M
(0)
G,A
)2
= {0, Bµ(tanβ + cotβ)} , (23)
and the charged Higgs masses are(
M
(0)
G±,H±
)2
= {0, Bµ(tanβ + cotβ) +M2W } . (24)
In each case the vanishing masses correspond to the neutral and charged Gold-
stone bosons (where gauge-fixing terms have not yet been taken into account).
The nonzero masses MA and MH± correspond to the physical CP-odd and
charged Higgs bosons of the MSSM. Since these masses are determined at tree
level by the input parameters Bµ and tanβ, it is customary to exchange Bµ for
either MA or MH± . In the CP-conserving MSSM, MA is more commonly taken
as input parameter, while in the CP-violating case the charged Higgs boson
mass is more useful (since the distinction between CP-even and CP-odd is not
sharp once radiative corrections are included).
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Replacing Bµ by the appropriate MA dependence in Eq. (22), the lightest
tree-level CP-even Higgs mass becomes(
M
(0)
h
)2
=
1
2
(
M2A +M
2
Z −
√
(M2A −M2Z)2 + 4M2AM2Z sin2(2β)
)
. (25)
Perhaps the feature of the MSSM Higgs sector that has generated the most
attention and interest is that Eq. (25) is bounded from above,
M
(0)
h < MZ . (26)
The bound is saturated for large MA and large tanβ. In the “decoupling limit”
MA  MZ , the tree-level mass is M (0)h = MZ | cos(2β)|, and h has SM-like
couplings to the electroweak gauge bosons and fermions. Although the SM-like
couplings for h obtained in the decoupling limit are consistent with the prop-
erties of the Higgs boson observed at the LHC, the observed mass of 125 GeV
is much greater than MZ . Either large tree-level corrections or large radiative
corrections are needed to increase the upper bound (26). The former requires
new field content beyond the MSSM. The latter can occur in the MSSM alone,
and will be the subject of the following sections.
3. Radiative Corrections: Feynman Diagrammatic Approach
The loop-corrected Higgs-mass spectrum is given by the real part of the
zeroes of the determinant of the renormalized two-point vertex function Γˆ:
−iΓˆ(p2) = p2 −M(p2) (27)
where M(p2) denotes the loop-corrected Higgs mass matrix 3 with entries
Mij(p2) = (M (0)Hi )2δij − ΣˆHiHj (p2) (28)
3We could also work in the interaction eigenstate basis, which, depending on the organi-
zation of the calculation, might be more convenient for calculating the self energies. On the
other hand, to obtain the one-loop corrections to the lightest Higgs boson mass, only the self
energy Σˆhh is needed. In this case, it is easier to directly calculate in the basis of the tree-level
mass eigenstates. If Higgs bosons appear as internal particles in loop diagrams, then it is also
simpler to use tree-level mass eigenstates.
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with Hi = h,H,A,G,H±, G±. The scalar-gauge boson mixing need not to
be taken into account, as the zeroes of Eq. (27) are the same as those of the
extended propagator matrix [18]. The matrix Mij(p2) is block-diagonal with
one block for the neutral and one for the charged Higgs bosons. In the case of
CP-invariance, the loop-corrected mass matrix for the neutral Higgs bosons can
be split into blocks for CP-even and CP-odd Higgs bosons as, in this case, the
mixing between them vanishes, ΣˆhA(p2) = ΣˆHA(p2) = 0.
In the Feynman diagrammatic or fixed-order approach, the self energies and
mixings ΣˆHiHj (p
2) are calculated order by order in perturbation theory by eval-
uating the corresponding Feynman diagrams. The renormalized self energies can
be split into parts of different loop-order
ΣˆHiHj (p
2) = Σˆ
(1)
HiHj
(p2) + Σˆ
(2)
HiHj
(p2) + . . . (29)
where the superscript (n), i = 1, 2, . . . , denotes the order. At each order (n), the
renormalized self energies can be decomposed further into an unrenormalized
part and a counterterm part,
Σˆ
(n)
HiHj
(p2) = Σ
(n)
HiHj
(p2) +
1
2
p2
(
δ(n)Z†HiHj + δ
(n)ZHiHj
)
− 1
2
((
M
(0)
Hj
)2
δ(n)Z†HiHj +
(
M
(0)
Hi
)2
δ(n)ZHiHj
)
− δ(n)MHiHj
+ product of counterterms, such as δ(n1)ZHiHjδ
(n2)MHiHj
with n1 + n2 = n (30)
where the counterterm part consists of a Z factor and a mass matrix countert-
erm of nth loop order as well as products of Z factors of n1th loop order and
mass matrix counterterms of n2th loop order with n1 + n2 = n. (Note that
counterterms of order m < n also appear as insertions in (n−m)-loop diagrams
contributing to the nth order unrenormalized self-energy.)
Field strength renormalization can be performed in a minimal way by re-
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placing the Higgs doublets by a Z factor and a renormalized Higgs doublet,
Hu →
√
ZHuHu =
(
1 +
1
2
δ[1]ZHu +
1
2
δ[2]ZHu −
1
8
(δ[1]ZHu)
2 + . . .
)
Hu
=
(
1 +
1
2
δ(1)ZHu +
1
2
δ(2)ZHu + . . .
)
Hu, (31)
Hd →
√
ZHdHd =
(
1 +
1
2
δ(1)ZHd +
1
2
δ(2)ZHd + . . .
)
Hd. (32)
where the [n] denotes the nth loop order of the expansion of the Z factor ZHq ,
q = u, d with ZHq = 1+
1
2δ
[1]ZHq+
1
2δ
[2]ZHq+. . . , while (n) already takes into ac-
count the square root with δ(1)ZHq = δ
[1]ZHq , δ
(2)ZHq = δ
[2]ZHq − 14 (δ[1]ZHq )2,
etc. The Z factors entering Eq. (30) are obtained by the transformation
δ(n)ZHiHj =
(
Uδ(n)ZφφU†
)
ij
with U =
Un 0
0 Uc
 , (33)
δ(n)Z†HiHj =
[(
Uδ(n)ZφφU†
)†]
ij
, (34)
δ(n)Zφφ = diag
(
δ(n)ZHd , δ
(n)ZHu , δ
(n)ZHd , δ
(n)ZHu , δ
(n)ZHd , δ
(n)ZHu
)
, (35)
and Un and Uc defined in Eq. (18).
The counterterm mass matrix δ(n)MHiHj = (Uδ(n)MφφU†)ij is determined
from the mass matrices given in Eqs. (14)–(16)4. Subsequently several ap-
proaches are possible:
• We can directly introduce counterterms for the parameters appearing in
Eqs. (14)–(16),
m21, m
2
2, Bµ, vd, vu, ϕu, g, g
′, (36)
4With this definition of the counterterm mass matrix, we follow the approach where the
mixing angles do not receive counterterms and can be understood as already renormalized.
We could also introduce counterterms for the mixing angles, leading to a different set of
counterterms, and the explicit expressions for the Z factors may be changed depending on the
renormalization conditions. Both approaches are valid.
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by the replacement
P → P + δ(1)P + δ(2)P + . . . (37)
where P is a placeholder for the parameters appearing in Eq. (36). Only
the combinations m21 = m
2
Hd
+ |µ|2 and m22 = m2Hu + |µ|2 appear in the
calculation of the Higgs boson mass matrix. Thus |µ|2 can always be
absorbed into m2Hi , i = u, d, and we can treat m
2
1 and m
2
2 as independent
parameters, leaving 8 parameters that need to be renormalized. For a
calculation at nth order, counterterms up to δ(n)P have to be included.
After introducing the counterterms, the mass matrix is expanded and the
part including the counterterms can be separated order by order into
δMφφ = δ(1)Mφφ + δ(2)Mφφ + . . . . (38)
where products of counterterms, such as δ(n1)P1δ(n2)P2 with Pi, i = 1, 2,
being placeholders as in Eq. (37), are included in the mass matrix coun-
terterm δ(n)Mφφ, n = n1 + n2.
• Using the parameters of Eq. (36) can make comparisons with experiment
more tedious, since conversion relations between these parameters and
ones that are more easily accessible to experiment are necessary. These
relations are also affected by quantum corrections. Instead, it can be
helpful to do the conversion at the beginning of the calculation of the Higgs
boson masses and to use the “more physical” parameters as an input. A
commonly used choice of parameters is given by the weak gauge boson
masses, the ratio of the Higgs vacuum expectation values, the electric
charge e ≡ gg′/(g2 +g′2)1/2, the CP-odd or the charged Higgs boson mass,
and the tadpole parameters of Eqs. (10)–(12). Then the 8 parameters to
renormalize are:
MZ , MW , e, tanβ, MA or MH± , tφu , tφd , tζu . (39)
When converting from the original parameters to the ones with a more
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physical interpretation, all parameters should be kept, even if, at tree-
level, they are equal to another parameter or vanish, since the parameter
relations might be changed by higher-order contributions and vanishing
parameters might receive non-zero loop contributions. This is particularly
true for the tadpole parameters and the mixing angle βm. The conversion
relations of these parameters are given as (see e.g. [19])
vu =
√
2
MW sin θW sinβ
e
, vd =
√
2
MW sin θW cosβ
e
, (40)
g =
e
sin θW
, g′ =
e
cos θW
, (41)
Bµ =
cosβ
cos2(β − βm)
{
e2
4M2W sin
2 θW
cos4(β − βm)
cos4 β
t2ζu
+
[
M2A sinβ +
e
2MW sin θW
(
sin2 βm tanβtφd + cos
2 βmtφu
)]2} 12
,
(42)
m2Hu = M
2
A
cos2 β
cos2(β − βm) +
1
2
M2Z cos(2β) (43)
+
e sinβm
2MW sin θW cos2(β − βm)
[
tφd sinβm cosβ
− tφu (sinβ sinβm + 2 cosβ cosβm)
]
, (44)
m2Hd = M
2
A
sin2 β
cos2(β − βm) −
1
2
M2Z cos(2β)
+
e cosβm
2MW sin θW cos2(β − βm)
[
tφu sinβ cosβm
− tφd (cosβ cosβm + 2 sinβ sinβm)
]
, (45)
tan(ϕu) = − tζu cos
2(β − βm)
C cos2 β
with C =
2MW sin θW sinβ
e
M2A + tφd tanβ sin
2 βm + tφu cos
2 βm .
(46)
Here we have chosen the CP-odd Higgs boson mass M2A as an input pa-
rameter, with M2A = (UβmMζU†βm)11, which yields the tree-level mass
squared for tree-level parameters, i.e. for tφu = tφd = tζu = 0 and βm = β.
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φφ
t
t
φ
φ
t˜i
t˜j
φ φ
t˜i
Figure 1: Self-energy diagrams contributing to the O(αt), αx = h2x/(4pi), where φ = h, H, A
denoting the different Higgs bosons and t and t˜i the top quarks and top squarks, respectively.
The weak mixing angle θW (cos θW = MW /MZ) has been introduced for
a compact notation. For tφu = tφd = tζu = 0 and βm = β, the tree-level
relations between the parameters are recovered. For the renormalization
procedure, all parameters except for the mixing angle βm are treated as
bare parameters and are replaced by the renormalized parameter and the
corresponding counterterm as in Eq. (37).
The largest corrections are due to top quark/squark contributions as the
coupling between top quarks and the Higgs boson is proportional to the top
Yukawa coupling which is relatively large, see e.g. Refs. [6, 20–22]. Due to the
underlying supersymmetry, also the top squark coupling depends on the top
Yukawa coupling. Now, let’s first consider only contributions proportional to
the top Yukawa coupling squared and neglect gauge couplings in the case of a
CP-conserving MSSM, i.e. all parameters are assumed to be real. Additionally,
the CKM matrix is approximated by the unity matrix and, hence, as real. The
Feynman diagrams contributing to the unrenormalized self-energies are depicted
in Fig. 1.
15
The counterterm mass matrix is then
δMHiHj = (UδMφφU†)ij (47)
with δMφφ =
 sin2 β − sinβ cosβ
− sinβ cosβ cos2 β
 δ(1)M2A
+
e
2MW sin θW
− cosβ(1 + sin2 β) − sin3 β
− sin3 β cosβ sin2 β
 δ(1)tφd
+
e
2MW sin θW
cos2 β sinβ − cos3 β
− cos3 β −(1 + cos2 β) sinβ
 δ(1)tφu . (48)
where the additional approximation of a vanishing CP-odd Higgs boson mass,
MA = 0, is applied. Without this approximation, also a tanβ counterterm
contribution proportional to δ(1) tanβ would appear. Conveniently, one can de-
fine tanβ as DR parameter so that δ(1) tanβ contains only divergent parts, and
hence, does not contribute to the finite result even if MA 6= 0. As mentioned
above, the angle βm does not receive a counterterm in our approach, and in
Eq. (48) after performing the expansion about the counterterm, βm has been
identified with its tree-level value β. Similarly, the tree-level tadpole parameters
have been set to zero. In a complete one-loop calculation without the approxi-
mation of vanishing gauge couplings, a counterterm to the Z boson mass would
also be needed.
We use the renormalization conditions,
1. that the CP-odd Higgs boson is on-shell in the approximation of MA = 0,
Σˆ
(1)
AA(0) = 0, (49)
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which yields
δ(1)M2A = Σ
(1)
AA(0) = −
3αEMm
2
t
8M2Wpi sin
2 θW tan
2 β
·
{
2A0(m
2
t )−A0(m2t˜1)
[
1 +
(At + µ tanβ)
2
m2
t˜1
−m2
t˜2
]
−A0(m2t˜2)
[
1− (At + µ tanβ)
2
m2
t˜1
−m2
t˜2
]}
, (50)
where the one-loop integral is A0(m2) ≡ −16ipi2µ4−D
∫
dDq
(2pi)D
1
q2−m2 , with
m the mass of the particle in the loop. The dimension is denoted by
D = 4− , and αEM = e2/(4pi).
2. that the tadpole contributions vanish,
Tˆ
(1)
φi
= T
(1)
φi
+ δ(1)tφi = 0 with i = u, d, (51)
where Tˆ (1)φi and T
(1)
φi
are the renormalized and unrenormalized one-loop
contributions to the one-point vertex function. These conditions result in
δ(1)tφu =
3em2t
16MWpi2 sinβ sin θW
·
{
2A0(m
2
t )−A0(m2t˜1)
[
1 +
At(At − µ cotβ)
m2
t˜1
−m2
t˜2
]
−A0(m2t˜2)
[
1− At(At − µ cotβ)
m2
t˜1
−m2
t˜2
]}
, (52)
δ(1)tφd =
3em2t
16MWpi2 sinβ sin θW
µ(At − µ cotβ)
(m2
t˜1
−m2
t˜2
)
·
[
A0(m
2
t˜1
)−A0(m2t˜2)
]
. (53)
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Applying this approximation, the self energies can be evaluated as
Σφuφu =
3αEMm
2
t
8M2Wpi sin
2 β sin2 θW
{
2(1−D)A0
(
m2t
)
+A0
(
m2t˜1
)[
1 + (D − 2) m
2
t
m2
t˜1
+
A2t
m2
t˜1
−m2
t˜2
+
2(D − 2)m2tAt (At − µ cotβ)
m2
t˜1
(m2
t˜1
−m2
t˜2
)
+
m2tA
2
t (At − µ cotβ)2
[
(D − 6)m2
t˜1
− (D − 2)m2
t˜2
]
m2
t˜1
(m2
t˜1
−m2
t˜2
)3
]
+A0
(
m2t˜2
)[
1 + (D − 2) m
2
t
m2
t˜2
− A
2
t
m2
t˜1
−m2
t˜2
− 2(D − 2)m
2
tAt (At − µ cotβ)
m2
t˜2
(m2
t˜1
−m2
t˜2
)
+
m2tA
2
t (At − µ cotβ)2
[
(D − 2)m2
t˜1
− (D − 6)m2
t˜2
]
m2
t˜2
(m2
t˜1
−m2
t˜2
)3
]}
, (54)
Σφuφd = −
3αEMm
2
t
8M2Wpi sin
2 β sin2 θW
·
{
A0
(
m2t˜1
)[ µAt
m2
t˜1
−m2
t˜2
+
(D − 2)m2tµ (At − µ cotβ)
m2
t˜1
(m2
t˜1
−m2
t˜2
)
+
m2tµAt (At − µ cotβ)2
[
(D − 6)m2
t˜1
− (D − 2)m2
t˜2
]
m2
t˜1
(m2
t˜1
−m2
t˜2
)3
]
−A0
(
m2t˜2
)[ µAt
m2
t˜1
−m2
t˜2
+
(D − 2)m2tµ (At − µ cotβ)
m2
t˜2
(m2
t˜1
−m2
t˜2
)
−
m2tµAt (At − µ cotβ)2
[
(D − 2)m2
t˜1
− (D − 6)m2
t˜2
]
m2
t˜2
(m2
t˜1
−m2
t˜2
)3
]}
(55)
Σφdφd =
3αEMm
2
tµ
2
8M2Wpi sin
2 β sin2 θW (m2t˜1
−m2
t˜2
)
·
{
A0
(
m2t˜1
)[
1 +
m2t (At − µ cotβ)2
[
(D − 6)m2
t˜1
− (D − 2)m2
t˜2
]
m2
t˜1
(m2
t˜1
−m2
t˜2
)2
]
−A0
(
m2t˜2
)[
1−
m2t (At − µ cotβ)2
[
(D − 2)m2
t˜1
− (D − 6)m2
t˜2
]
m2
t˜2
(m2
t˜1
−m2
t˜2
)2
]}
,
(56)
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With the approximations of vanishing gauge couplings, MA = 0, and vanish-
ing external momenta,5 all the Higgs boson masses vanish at tree-level. Then
the renormalized self-energies of Eq. (30) simplify and can be expressed in terms
of the interaction eigenstates as
Σˆφiφj = Σφiφj − (δMφφ)ij with i, j = u, d. (57)
Using Eqs. (50)–(56), we find
Σˆφuφu = −
3αEMm
4
t
2piM2W sin
2 β sin2 θW
{
1
2
log
(
m2
t˜1
m2
t˜2
m4t
)
+
A2t (At − µ cotβ)2
(m2
t˜1
−m2
t˜2
)2
[
1−
m2
t˜1
+m2
t˜2
2(m2
t˜1
−m2
t˜2
)
log
(
m2
t˜1
m2
t˜2
)]
+
At(At − µ cotβ)
m2
t˜1
−m2
t˜2
log
(
m2
t˜1
m2
t˜2
)}
(58)
Σˆφuφd =
3αEMm
4
tµ
2piM2W sin
2 β sin2 θW
{
(At − µ cotβ)
2(m2
t˜1
−m2
t˜2
)
+
At(At − µ cotβ)2
(m2
t˜1
−m2
t˜2
)2
[
1−
m2
t˜1
+m2
t˜2
2(m2
t˜1
−m2
t˜2
)
log
(
m2
t˜1
m2
t˜2
)]}
(59)
Σˆφdφd = −
3αEMm
4
tµ
2
2piM2W sin
2 β sin2 θW
· (At − µ cotβ)
2
(m2
t˜1
−m2
t˜2
)2
[
1−
m2
t˜1
+m2
t˜2
2(m2
t˜1
−m2
t˜2
)
log
(
m2
t˜1
m2
t˜2
)]
, (60)
which was derived via the effective potential approach (see Sect. 3.1) with
slightly different conventions in Ref. [20]. The one-loop Higgs masses squared
(M
(1)
h )
2, (M (1)h )
2 can then be obtained by calculating the zeroes of the deter-
5In the case of non-vanishing MA, the mass counterterm δM2A would include a term pro-
portional to the Z factor of the Higgs fields, and the mass counterterm (48) would include a
term proportional to δ(1) tanβ. If the Z factor and δ(1) tanβ are defined in a DR scheme,
i.e. they contain only divergent contributions, these contributions will cancel the Z factor de-
pendence that enters the renormalized Higgs self energies, so that the result will be the same
as taking the approximations of vanishing gauge couplings, MA = 0, and vanishing external
momenta.
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minant of the two-point vertex function given in Eq. (28) and (27),
(
M
(1)
h,H
)2
=
1
2
{(
M
(0)
h
)2
+
(
M
(0)
H
)2
−
(
Σˆφuφu + Σˆφdφd
)
±
[[(
M
(0)
h
)2
−
(
M
(0)
H
)2
+ cos(2α)
(
Σˆφdφd − Σˆφuφu
)
+ 2 sin(2α)Σˆφuφd
]2
+
[
sin(2α)
(
Σˆφdφd − Σˆφuφu
)
− 2 cos(2α)Σˆφuφd
]2] 12}
. (61)
This result takes also higher-order corrections into account since the expressions
are not linear in the self energies. Expanding the result for the mass of the
lighter Higgs boson and keeping only terms of the order O(m4t ), leads to the 1-
loop contribution to the mass squared of lightest CP-even Higgs boson, ∆M2h =(
M
(1)
h
)2
−
(
M
(0)
h
)2
,
∆M2h = −Σˆhh = −
[
cos2 αΣˆφuφu − sin(2α)Σˆφuφd + sin2 αΣˆφdφd
]
=
3αEMm
4
t
2piM2W sin
2 β sin2 θW
{
1
2
cos2 α log
(
m2
t˜1
m2
t˜2
m4t
)
− cosα(cosαAt + µ sinα)(At − µ cotβ)
m2
t˜1
−m2
t˜2
log
(
m2
t˜1
m2
t˜2
)
+
(At − µ cotβ)2(cosαAt + µ sinα)2
(m2
t˜1
−m2
t˜2
)2
·
[
1−
m2
t˜1
+m2
t˜2
2(m2
t˜1
−m2
t˜2
)
log
(
m2
t˜1
m2
t˜2
)]}
. (62)
3.1. The Effective Potential Approach
The effective potential offers another method for calculating the fixed-order
self energies of the Higgs bosons. The second derivatives of Veff with respect to
the external fields gives the corresponding self energies in the limit of vanishing
external momenta. While fewer diagrams have to be calculated, the field depen-
dence of masses and couplings has to be preserved throughout (and to include
the momentum dependence, the approach of the previous section must be used.)
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• + + + + . . .
(a) (b) (c) (d)
Figure 2: Diagrammatic representation of the effective potential.
Typically, the effective potential is computed in dimensional reduction, leading
to masses in the DR scheme. A conversion of schemes can be performed to yield
results in an on-shell scheme.
The effective potential can be expressed as a sum of one-particle irreducible
Green functions Γ(n) at vanishing external momenta,
Veff(ψcl) = −
∞∑
n=0
1
n!
ψnclΓ
(n)(pi = 0), (63)
where ψcl denotes the classical fields. A derivation of this expression can be
found in the review [23]. The effective potential can then be depicted by vac-
uum diagrams as in Fig. 2 where the dot (a) is the tree-level potential and
the next diagrams are the one-loop (b), two-loop (c) and (d), . . . contribution.
Each diagram represents the sum over all diagrams with any possible number
of external Higgs-boson legs with vanishing momenta.
Performing the sum over all the one-loop diagrams leads to the Coleman–
Weinberg potential [24],
V (1) =
1
64pi2
∑
n
(−1)2snxn
(
m2n
)2 [
ln
(
m2n
Q2
)
− cn
]
, (64)
where sn = 0, 1/2, 1 for scalar, fermion and gauge fields, the mn are the corre-
sponding field-dependent masses, the xn are the number of degrees of freedom
(spin, charge, color, etc.), and Q is the renormalization scale. The constant cn
depends on the regularization and renormalization scheme, see e.g. [25]. In the
DR scheme the constant is 3/2.6
6Or to be more precise, the DR
′
scheme. The difference between the DR and the DR
′
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Very specific to the one-loop effective potential is the appearance of the
logarithm, due to the cyclic symmetry of the diagram (b) in Fig. 2 which leads
to a factor of 1/j when j couplings with external Higgs-boson legs, j = 1, . . . ,∞,
are inserted. The effect of these external couplings is absorbed into the field-
dependent masses in Eq. (64). At higher orders, as depicted in diagrams (c)
and (d) in Fig. 2, the propagators are always attached to an internal vertex
and the insertion of j couplings with external legs to a propagator will lead to
a geometric series which can be rewritten in terms of a propagtor with field-
dependent mass, see e.g. the appendix of Ref. [24]. Thus, for the calculation of
higher-order corrections, the complete contribution at a given order is obtained
by calculating all vacuum diagrams at that order and replacing the masses and
couplings by their field-dependent counterparts.
The path integral offers a complementary approach to deriving the effective
potential, as shown in Ref. [26] and reviewed in Ref. [23].
We can make contact with the Feynman-diagrammatic calculation by com-
puting the one-loop contributions at O(m4t ) in the effective potential approach.
The top/stop contributions to the effective potential can be obtained by using
Eq. (64),
V (1) = V
(1)
t + V
(1)
t˜
, (65)
with
V
(1)
t = −
4Nc
64pi2
[mt(Hq)]
4
[
ln
(
[mt(Hq)]
2
Q2
)
− 3
2
]
, (66)
V
(1)
t˜
=
2Nc
64pi2
2∑
j=1
[
mt˜j (Hq)
]4 ln

[
mt˜j (Hq)
]2
Q2
− 3
2
 (67)
scheme is the treatment of the epsilon scalars which in the DR scheme have to be taken
explicitly into account while in the DR
′
their effect is implicitly taken care of by using redefined
soft-breaking parameters. The pure fermion and sfermion loops are the same in both schemes,
so, focusing on the top/stop contribution at one-loop, we do not need to distinguish between
these schemes.
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where q = u, d, the color factor Nc = 3, and mt(Hq) and mt˜j (Hq) denote the
field-dependent top and stop masses, respectively. These field-dependent masses
are given in the gaugeless limit as
mt(Hq) = ht|H0u|, H0u = eiϕu
[
vu +
1√
2
(φu + iζu)
]
(68)
and
Mt˜(Hq) =
 m2Q˜3 + h2t |H0u|2 ht [A∗t (H0u)∗ − µH0d]
ht
[
AtH
0
u − µ∗
(
H0d
)∗]
m2u˜3 + h
2
t |H0u|2
 (69)
with H0d = vd +
1√
2
(φd − iζd), (70)
respectively. The expressions of H0u and H
0
d are the neutral components of
Eq. (7). Restricting to the CP-conserving case, the field dependent stop masses
squared are
[
mt˜j (Hq)
]2
=
1
2
(
m2
Q˜3
+m2u˜3
)
+ h2t
[(
vu +
1√
2
φu
)2
+
(
1√
2
ζu
)2]
±
√(
m2
Q˜3
−m2u˜3
)2
+ h2t
∣∣∣∣At [vu + 1√2 (φu + iζu)
]
− µ∗
[
vd +
1√
2
(φd + iζd)
]∣∣∣∣2 .
(71)
The different one-loop contributions can then be obtained by taking field deriva-
tives. The tadpole contributions are
T
(1)
Φi
= −∂V
(1)
∂Φi
with Φi = φu, φd, ζu, ζd (72)
and the self energies (with vanishing external momentum) are
ΣΦiΦj (0) = −
∂2V (1)
∂Φi∂Φj
. (73)
It is not difficult to check that Eqs. (72) and (73) reproduce the tadpoles and
self-energies found in the previous section.
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real parameters complex parameters
DR scheme OS/mixed schemes OS/mixed schemes
p2 = 0 p2 6= 0 p2 = 0 p2 6= 0 p2 = 0 p2 6= 0
one-loop [27–29] [19]
two-loop
O(αtαs) [30–32] [33] [31, 32, 34] [33, 35, 36] [37]
O(α2t ) [38] [38, 39] [40, 41]
O(αbαs) [42, 43]
O(αtαb, α2b , α2τ ) [44]
O(αταb) [45]
full [46]
first five rows + O(αEWαs) [47]
three-loop
O(αtα
2
s) [48, 49]
O(αtα
2
s, α
2
tαs, α
3
t )|LL,NLL [50]
Table 1: Known fixed-order contributions to the Higgs boson mass spectrum. The results of
Ref. [46] and [47] can in principle be taken over to complex parameters; however, they have
not been analyzed for this case. αEW denotes terms of order g2 or g′2.
3.2. State of the Art
Much effort has gone into the precise calculation of the MSSM Higgs masses
in the Feynman diagrammatic approach. In Table 1, the different known con-
tributions are summarized. The one-loop corrections are completely known,
including full momentum dependence, for real and complex parameters [19, 27–
29] and in different renormalization schemes. The one-loop corrections can be
very large, up to several tens of GeV, even for superpartner masses of order 1
TeV. As discussed above, the dominant contributions come from the top quarks
and squarks (which do not enter the Higgs sector at the tree level, and therefore
are of leading order at the one-loop level.) Except for the gluons and the gluinos,
all particles contribute to at least one of the Higgs boson masses at one-loop
level, while the gluons and gluinos appear only at two-loop level. The main con-
tributions at the two-loop level are O(αtαs) and can be obtained in the approx-
imation of vanishing gauge couplings and vanishing external momenta, which,
to be more precise, amounts to a contribution to mh of O(m2tαtαs). These
corrections can also be of several GeV. They have been calculated within a DR
scheme [30–32] as well as in the on-shell scheme [31, 32, 34]. Switching between
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the different renormalization schemes provides an estimate of the theoretical un-
certainty from missing higher-order corrections. However, care has to be taken
that the renormalization scheme provides a good expansion point, where no cor-
rections are so large that convergence is spoiled. The corrections of O(m2tαtαs)
are also known for the CP-violating MSSM [37]. These contributions not only
change the values of the Higgs masses but can also modify the CP-mixing of
the Higgs boson. Recently, the calculation of the terms of O(αtαs) without
the approximation of vanishing external momenta became available with a pure
DR renormalization scheme [33] and a mixed scheme [33, 35, 36]. Within these
contributions, also terms of order O(M2Aαtαs) appear. Additionally, in Ref. [33]
the approximation of vanishing gauge couplings is dropped. The corrections are
usually of the order of a couple of 100 MeV, small in comparison to the con-
tributions of O(m2tαtαs) but still relevant with respect to the already-reached
experimental accuracy in mh.
Another important contribution at the two-loop level appears at O(α2t ),
or to be more precise, O(m2tα2t ). These contributions have been calculated
in the gaugeless, p2 = 0 limit. They are known for both real [38, 39] and
complex [40, 41] parameters. The corrections can be sizable, of order a few GeV.
The phase dependence in the complex case becomes particularly important for
large values of µ.
For large tanβ, contributions from bottom quarks and squarks can become
sizable. The dominant correction is O(αbαs) [42, 43]. A good approximation
for these contributions at one-loop level can be obtained by using a DR bottom
quark mass with ∆b contributions are resummed [51]. In a large part of parame-
ter space, this approximation lies within the uncertainty band which can be ob-
tained by using different renormalization schemes for the bottom quark/squark
sector [43].
Further two-loop corrections include O(αtαb, α2b , α2τ ) [44] and O(αταb) [45],
calculated in the gaugeless, p2 = 0 limit, and are available in different renormal-
ization schemes. These contributions are again most important for large tanβ
and can account for a couple of GeV.
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In the DR scheme, the complete two-loop contribution with vanishing ex-
ternal momenta was given in [46]. This calculation was performed with the
effective potential8, and the corrections going beyond the Yukawa corrections
improve the renormalization scale dependence of the resulting Higgs mass. How-
ever, purely electroweak terms of order g4, g′2g2, g′4 should be of similar order to
omitted terms at finite external momentum. Momentum-dependent effects have
also been computed at two-loop level for the terms of order O(αtαs) through
O(αταb) in the table above plus terms of order O(αsαEW ) [47]. The momentum
effects have been found to be of order a few 100 MeV in typical examples.
At three-loop order, including non-logarithmic terms, only contributions of
order O(αtα2s) (O(m2tαtα2s)) are known [48, 49]. These terms are calculated for
vanishing external momenta and gauge couplings. For stop masses of 1 TeV,
the corrections can amount to more than 1 GeV, as shown in Fig. 3, and the
scale uncertainty is significantly reduced. Beyond this order, only logarithmic
terms are known (as discussed in Sec. 4). In Ref. [50], for example, the leading
and next-to leading logarithms of the order O(αtα2s, α2tαs, α3t ) and similar four-
loop order terms have been evaluated. Between these different contributions,
cancellation effects have been observed at both three- and four-loop order [50,
52], leading to an overall effect of a few hundred MeV for stop masses in the
range of 1 TeV.
In Fig. 3 the lightest Higgs mass at three loops is shown as a function of
the stop mixing parameter including the three-loop terms of O(m2tαtα
2
s), and
compared to the one-loop level and two-loop values. The mass values have been
generated by the program H3m [49] and taken from Ref. [53]. The corrections
going beyond the orders O(αt), O(αtαs) and O(α2t ), at one loop in particular
contributions from the electroweak and at one- and two-loop contributions from
8The vev parameters in [46] minimize the full two-loop potential, while in a number of other
calculations (including, for example, [33, 38], and the one-loop calculation above), the vevs
minimize the tree-level potential and tadpole terms are taken into account in the computation
of the spectrum. Both approaches are valid; however, the meaning of the parameters is
different in the two cases, which has to be accounted for when comparing or combining the
results.
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Figure 3: The mass of the lightest Higgs boson as a function of the squark mixing parameter
Xt = At − µ cotβ, for three fixed-order computations: the one-loop mass, the mass including
two-loop corrections of order O(αtαs, α2t , αbαs, αtαb, α2b) and the three-loop mass of orderO(α2sαt). The renormalization scale is Q = mt. The fixed parameters are MSUSY = mQ˜3 =
mu˜3 = 1 TeV, M2 = 200 GeV, M3 = 1.5 TeV, MA = 500 GeV, tanβ = 10, and µ = 1 TeV.
The top quark mass is set to 173.2 GeV. This plot was made using the program H3m [49] and
taken from Ref. [53].
the bottom/sbottom sector, are taken over from FeynHiggs [19, 34, 54–56]. It
should be noted that the relative size and signs of the corrections at different
loop levels depend on the renormalization scale and scheme, taken to be Q = mt
in the DR scheme in Fig. 3.
4. Radiative Corrections: Renormalization Group Equation Approach
4.1. Introduction
When supersymmetry is much more strongly broken than electroweak
symmetry, e.g., mt˜  mt, the Higgs mass may be efficiently and accurately
calculated with effective field theory techniques. The appropriate sequence of
nonsupersymmetric EFTs descending from the UV supersymmetric theory is
determined by the hierarchies in the spectrum. For example, in the simplest
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so-called “Heavy SUSY” limit of the MSSM, all of the soft SUSY-breaking
masses as well as the CP-odd scalar mass mA lie around some characteristic
scale mS  mt, and the EFT valid at lower energies is just the Standard Model
with its ordinary single Higgs doublet. Because mA is large in this scenario,
we can refer unambiguously to “the” Higgs, meaning the light state h in the
SM EFT. Another example is that of a “split” spectrum, where the soft scalar
masses are much larger than the soft gaugino masses, which may or may not be
much larger than mt. Such spectra are motivated theoretically by focus-point
scenarios [57, 58] and anomaly mediation [59, 60] as well as phenomenologi-
cally [17, 61]. For a third example, either of these spectra may be modified by
taking mA of order mt, so that the theory around mt is a Two Higgs Doublet
Model (2HDM), with or without extra fermions.
EFT repackages the bulk of the computation of the Higgs mass into the
solution of a family of renormalization group equations (RGEs). The primary
virtue of this reorganization is that we can capture radiative corrections of the
form αn+m−1i log
n(mS/mt) for all n by using m-loop beta functions in the RGEs
for the couplings αi. When there is a substantial hierarchy, the logarithms are
large, dominating the quantum effects. Early computations of the radiative
corrections to mh utilizing EFT and RG techniques include [62–66], and up-to-
date computations incorporating most known effects were performed in [50, 52,
56, 67–70].
In this section we use effective field theory and renormalization group tech-
niques to calculate the leading radiative corrections to the SM-like Higgs mass
(henceforth, “the Higgs mass”) in the MSSM in the example of Heavy SUSY.
We explain first the simplest estimate that gives the most important contribu-
tions to mh, then discuss the many improvements that can be implemented to
capture subleading but quantitatively important effects.
4.2. Simplest Estimate
We first estimate the Higgs mass in Heavy SUSY with a calculation that
captures only the tree-level effects and the leading logarithmic quantum correc-
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tions proportional to the top Yukawa and the QCD gauge coupling. In doing
so, we will be entitled to ignore many subleading but interesting considerations
related to threshold corrections and renormalization scheme dependence. In
later subsections we return to these issues.
We begin by integrating out all of the MSSM degrees of freedom at the
renormalization scale Q = mS and matching on the SM at tree level. The nor-
malization of the parameters in the SM Higgs potential is convention dependent;
here we use
V (Φ) = −m
2
2
|Φ|2 + λ
2
|Φ|4 , Φ =
(
0
v + h√
2
)
, v ' 174 GeV. (74)
The SM Higgs quartic coupling λ and the SM Yukawa coupling yt are given at
the scale mS by
λ =
1
4
(g2 + g′2)c22β , yt = htsβ . (75)
The simple form of the quartic is the result of the decoupling limit mA  mZ .
Here g and g′ are the electroweak gauge couplings at mS , which at tree level
are the same in the two theories (as is the strong coupling g3), and ht is the
running top Yukawa at mS in the MSSM.
After matching, the SM couplings can be run down to the next threshold,
mt, using the coupled set of RGEs. If we compute the tree-level Higgs mass
in the SM at this scale, mh = 2λ(mt)v2, we will have effectively captured
leading logarithmic radiative corrections to mh proportional to log(mS/mt) that
appear in the fixed-order calculation at each order in perturbation theory. These
corrections are absorbed into the running coupling λ by the RGEs.
Keeping only terms proportional to λ, yt, and g3, the relevant 1-loop beta
functions in the SM are:
β
(1)
λ = 12λ
2 + 12λy2t − 12y4t , β(1)g3 = −7g33 , β(1)yt = yt
(
9
2
y2t − 8g23
)
, (76)
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where the RGE for a generic coupling y is
dy
dt
= βy , t ≡ log(Q) , βy = κβ(1)y + κ2β(2)y + . . . , (77)
and κ is the loop-counting factor (16pi2)−1. At this stage, we can either solve
the RGEs numerically or analytically to obtain the couplings y(t) as a function
of boundary conditions y(t˜) at the scale t˜ ≡ log(mS). For complicated sets
of RGEs, a general analytic solution is typically not possible, but a numerical
solution will give the Higgs mass with the highest precision in the EFT approach.
The RGEs can also be used to derive approximate perturbative solutions in
powers of t − t˜. Although the numerical solution is the most precise, the ap-
proximate analytic results are useful, because they provide the leading analytic
terms when logs are large and they provide intuition for the roles of differ-
ent parameters in determining the Higgs mass. With 1-loop (2-loop, 3-loop,
...) beta functions, the perturbative formulae capture the leading logarithmic
(next-to-leading logarithmic, next-to-next-to-leading logarithmic, ...) terms of
a fixed-order calculation within the EFT.9
We can illustrate the numerical and analytical approaches using the strong
and top sector RGEs in Eq. (76). To organize the analytic calculation, it is
convenient to write the full beta function for each coupling y evaluated at a
scale t both as a power series in loops, as in Eq. (77), and as a Taylor series
about t˜:
βy(t) =
∞∑
n=1
κn
∞∑
k=0
β
(n,k)
y (t˜)
k!
(t− t˜)k , (78)
where
β(n,k)y (t) ≡
dkβ
(n)
y
dtk
(t) . (79)
We denote β(n,0)y ≡ β(n)y for short. Note that t-derivatives of beta functions re-
place factors of couplings with factors of beta functions themselves, and therefore
9With appropriate matching of parameters, the EFT fixed-order calculation can be com-
pared with the Feynman-diagrammatic computation in the full MSSM.
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β
(n,k)
y begins at order κk in the loop expansion. With this decomposition, the
power series solution for y(t) is
y(t) = y(t˜)−
∞∑
n=1
κn
∞∑
k=0
(−1)k β
(n,k)
y (t˜)
(k + 1)!
Lk+1 , (80)
where L ≡ (t˜− t). Truncating to 1-loop beta functions,
y(t) = y(t˜)− κ
∞∑
k=0
(−1)k β
(1,k)
y (t˜)
(k + 1)!
Lk+1 , (81)
and β(1,k)y ∝ κk, so that the mth term in the series is of order (κL)m. With
this expression and the beta functions (76), it is straightforward to write a
leading-log perturbative solution for λ(t):
λ(t) = λ(t˜)− κβ(1)λ (t˜)L+ κ
β
(1,1)
λ
2!
(t˜)L2 − κβ
(1,2)
λ
3!
(t˜)L3 + . . . . (82)
Derivatives of the beta functions may be evaluated using the chain rule and
Eq. (77). For example,
β
(1,1)
λ = κ
[
12β
(1)
λ (2λ+ y
2
t ) + 24β
(1)
yt yt(λ− 2y2t )
]
+O(κ2) . (83)
Fixing t = log(mt) and t˜ = logmS , we can get an explicit formula for λ(mt) in
terms of log(mS/mt) and the SM couplings at mS . At 2-loop order, retaining
only the leading yt- and g3-dependent terms, we find
λ(mt) = λ(mS) + 12κ
(
y4t − λy2t
)
L+ κ2
(−180y6t + 192g23y4t )L2 . (84)
In Eq. (84), the couplings in the 1-loop radiative terms on the right-hand side
are to be evaluated at mS , and L ≡ log(mS/mt).
To convert λ(mt) to a running Higgs mass m2h(mt) (which differs from the
pole mass by corrections discussed in the next section), we have only to multiply
by 2v2 ≈ 246 GeV2:
m2h(mt) = m
2
Zc
2
2β + 24κ
(
m4t
v2
− m
2
tm
2
Z
2v2
c22β
)
L+ 24κ2
m4t
v2
(−15y2t + 16g23)L2 ,
(85)
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where again the parameters on the right-hand side are to be evaluated at mS ,
and the tree-level term is obtained from Eq. (25) in the limit mA  mZ .
In Eq. (85) we recognize the famous 1-loop log-enhanced termm4t log(mS/mt),
previously obtained with the diagrammatic method in Eq. 62 and originally cal-
culated in [4–6]. However, to use this expression beyond 1-loop order, we have
to know the values of the SM couplings yt and g3 on the right-hand side at
mS . (We continue to ignore electroweak radiative effects such as the running
of g and g′ in the tree-level term, but these corrections are straightforward to
include). Experiment provides the SM couplings most naturally at lower scales.
In a numerical study it is a simple matter to run yt and g3 to mS , because
they do not depend on the (a priori unknown) weak-scale coupling λ at 1-loop
order, and in any case this coupling is small. In studies that solve the RGEs
analytically in perturbation theory, two different conventions are used for the
treatment of the running couplings. On one hand, we can simply solve their
RGEs perturbatively to some fixed order, e.g.
yt(mS) = yt(mt) + κ
(
β(1)yt L+
1
2
β(1,1)yt L
2
)
+ . . . ,
g3(mS) = g3(mt) + κ
(
β(1)g3 L+
1
2
β(1,1)g3 L
2
)
+ . . . , (86)
where the parameters on the right-hand side are evaluated at mt, and then
insert the analytical expression into Eq. (84). The result should be similar
to the fixed-order leading-log computation in the full MSSM with RG scale
Q = mS . On the other hand, this formula for mh is not of fixed order in the
SM couplings evaluated at mt. If we truncate the formula at a fixed order in the
mt-scale couplings, the result should be similar to the fixed-order leading-log
computation in the full MSSM with RG scale Q = mt. For this reason, these
two approaches to obtaining analytic formulae for mh from EFT/RG methods
are referred to by the corresponding RG scales of the fixed-order computation
in the full theory.
We can compare the results at different orders in perturbation theory with
the more precise “resummed” result obtained from the numerical integration of
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Figure 4: Simple estimates for the Higgs mass mh as a function of SUSY scale mS for tβ = 50.
No threshold corrections are included. Solid curves resum leading logarithmic corrections by
numerical solution of the RGEs. In the left panel, the dashed (dotted) curve corresponds to a
1-loop (2-loop) truncation in terms of couplings evaluated at renormalization scale Q = mS .
In the right panel, the dashed (dotted) curve corresponds to a 1-loop (2-loop) truncation in
terms of couplings evaluated at renormalization scale Q = mt.
the RGEs. In Fig. 4 we plot the fixed-order and resummed values for mh as
a function of mS at large tβ , where the matching condition for the quartic
coupling becomes λ(mS) = 14 (g
2 + g′2). The two plots show that there can be
a significant difference between low-order fixed-order results and the resummed
result when mS becomes large, & 1 TeV. The plots also show that for large mS
the fixed-order results through 2-loop order depend strongly on the choice of
renormalization scale as described above, and Q = mS gives the more accurate
result. At higher order the curves in both cases must converge to the unique
resummed curve.
Our results so far have captured the most important radiative corrections
to the Higgs mass in the MSSM, but they have not been terribly precise. We
are missing 1-loop terms in the RGEs (for example, proportional to weak gauge
couplings), 1-loop threshold corrections at the weak scale (which determine, for
example, the precise relation between the top Yukawa and the top pole mass,
and the Higgs quartic and the Higgs pole mass), 1-loop threshold corrections
from the decoupling of heavy sparticles at the soft scale mS (which correct
the relations between couplings in the full MSSM and in the effective theory,
and also account for multiple thresholds in the case that the heavy fields are
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Figure 5: Example 1-loop finite threshold corrections to the Higgs quartic at mS .
not all exactly degenerate), higher loop corrections of all types (2-loop beta
functions, 2-loop threshold corrections, ...), renormalization scheme conversion
factors, and higher dimension terms in the Higgs potential generated when the
MSSM is integrated out. It is not conceptually difficult to include most of
these corrections, and we review the most important of them in the next few
subsections.
4.3. Threshold and Subleading Logarithmic Corrections
We have already seen how the SM Higgs quartic coupling at the scale mS
is determined at leading order by the MSSM electroweak gauge couplings at
mS via tree-level matching. The matching procedure is subject to higher-order
corrections from loops involving heavy fields. Through 2-loop order, the leading
threshold corrections to λ can be organized as:
λ(MS) = λ
tree + ∆
(sc)
th λ+ ∆
(H,N˜)
th λ+ ∆
(αt)
th λ+ ∆
(αb)
th λ+ ∆
(ατ )
th λ
+ ∆
(αsαt)
th λ+ ∆
(α2t )
th λ. (87)
In the first line of Eq. (87), the corrections to the tree level result come from 1-
loop renormalization scheme dependence, loops of heavy electroweak fields like
the other Higgs bosons and the neutralinos, and loops of heavy stop, sbottom,
and stau scalars, respectively. The second line contains 2-loop corrections arising
from heavy stops and gluinos as well as scheme conversion effects in the 1-loop
corrections.
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Figure 6: Left: the effect of the 1-loop threshold correction (88) on the Higgs mass, computed
as in Fig. 4 with leading-log resummation and tβ = 50. The bottom curve corresponds to the
solid curves in Fig. 4, and the top curve corresponds to maximal effect from the correction.
Right: the behavior of mh for fixed mS and varying stop mixing parameter.
Of these corrections, ∆(αt)th λ has the largest potential to impact mh, and
is generated by the diagrams of Fig. 5 [63]. These terms are controlled by the
stop-stop-Higgs trilinear couplings Xt = At − µ/tβ :
λ(mS) = λtree(mS) + 6κh
4
t s
4
βXˆ
2
t (1− Xˆ2t /12) , (88)
where Xˆt = Xt/mS , and we have included only the leading term proportional
to h4t . This “stop mixing” correction is largest at the “maximal mixing” point,
where Xˆt =
√
6. When mS is of order 1 TeV, mh can increase by more than
10 GeV when Xˆt is taken from 0 to maximal mixing. This large threshold
effect is necessary to achieve mh = 125 GeV in the MSSM with TeV-scale
superpartners. As mS becomes larger, the threshold correction’s relative impact
on mh decreases, as does its importance since the large logarithms become
sufficient to reach 125 GeV. These behaviors are illustrated in Fig. 6.
Although the exact prediction for the Higgs mass is independent of the
renormalization scheme, different schemes organize the perturbative series in
different ways. The most common mass-independent scheme used for SM calcu-
lations is MS (dimensional regularization with modified minimal subtraction).
However, because this scheme breaks supersymmetry, it is customary to use
the SUSY-preserving DR scheme (dimensional reduction with modified mini-
mal subtraction) for calculations in the MSSM. If MS parameters are used in
35
the calculation of the Higgs mass, the supersymmetric relation between the
MSSM Higgs quartic coupling and the gauge couplings appearing in Eq. (75) is
modified at 1-loop order [67, 71]:
∆
(sc)
th λ = −
g4
64pi2m4W
(
m4Z + (2−
2
3
c22β)m
4
W
)
. (89)
Similarly, scheme dependence in the parameters appearing in the 1-loop correc-
tions appears as differences in the 2-loop expressions. For example, for conver-
sions relating on-shell results to mass-independent schemes, see [66, 70].
Beyond the leading 1-loop threshold corrections in Eq. (88), 2-loop thresh-
old corrections are important to obtain an accurate prediction for mh. Expres-
sions for the leading 2-loop corrections to λ controlled by the strong gauge
coupling and the top Yukawa in the DR scheme may be obtained from the effec-
tive potential calculation of [31, 38]. If the threshold corrections are expressed
in terms of SM MS couplings, as in [69], there are further 2-loop corrections
to λ induced by matching the SM couplings onto the MSSM couplings appear-
ing in 1-loop corrections to λ. For example, Eq. (88) contains the MSSM top
Yukawa ht because the diagrams of Fig. 5 are computed in the full theory. We
can obtain the SM top Yukawa at mS using the RGEs or their perturbative
solution (86). The tree-level relation (75) relating yt to ht (as well as similar
relations between yb,τ and hb,τ ) is modified at 1-loop order by squark, gluino,
and higgsino loops [72, 73], resulting in a 2-loop correction to λ when expressed
in terms of SM couplings. See [69] for a complete and recent analysis, and [74]
for a recent calculation of 2-loop SUSY threshold corrections to the running top
Yukawa at mS .
There is another important set of conceptually similar corrections that are
implicit in all of our expressions so far. These are corrections to the formulas
that determine the SM running couplings from physical observables such as the
top quark pole mass. NNLO values for yt(mt) and the gauge couplings g1,2,3(mt)
were computed in [2] in the MS scheme, and the impact on the MSSM Higgs
mass compared with NLO parameters is non-negligible. For example, the 2-loop
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correction to yt lowers it by about a percent, which translates into an O(GeV)
decrease in mh for mh ∼ 125 GeV. In the other direction, 2-loop corrections
can be incorporated that relate the quartic coupling λ(mt) to the Higgs boson
pole mass and the mass term in the Higgs potential [2, 68, 75].
Subleading logarithmic corrections can also be resummed in an EFT cal-
culation. Perhaps the simplest are the electroweak gauge coupling, bottom
Yukawa, and tau Yukawa contributions to the 1-loop beta functions for λ and yt.
The higher-loop SM beta functions, now known at 2- and 3-loop order [2, 76, 77],
can also be implemented.
By concentrating on the matching of renormalizable couplings, we miss
contributions to IR physics from higher-dimension operators also generated at
mS . One example is the dimension-6 term in the potential, (H†H)3/m2S , gener-
ated at O(y6t ) by 1 loop of stop squarks. The contribution of higher dimension
operators to m2h is of order v
2(v/mS)
2 and smaller, and the (v/mS)2 suppres-
sion renders them negligible in the heavy SUSY limit. In contrast, for low mS
these corrections are less suppressed and might be more significant. It is of
interest to know the theoretical uncertainty in mh from the omission of such
terms, in particular to inform a choice of whether to use a diagrammatic or
EFT calculation (with truncation at dimension-4 operators) for intermediate
scales of order mS ∼ few TeV. A simple estimate of the EFT uncertainty from
omitting higher dimension operators was performed in Ref. [70] by taking the
sum of the single-particle corrections to ∆λ and multiplying by (v/mS)2, and it
was found that the error from this source is below a half GeV for mS > 1 TeV.
The robustness of this estimate has been questioned [78]. However, it must be
emphasized that in any case the higher dimension operators do not represent
an irreducible source of uncertainty: the EFT calculation can be extended to
include them in a conceptually straightforward way. Indeed, the derivative-free
higher dimension operators were already included at one loop in the calculation
of [64], to all orders in H†H/m2S , by comparing the 1-loop top/stop correction
to mh obtained from the effective quartic coupling to the correction obtained
from the full Coleman-Weinberg effective potential. Including this class of op-
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Figure 7: An EFT calculation of mh in Heavy SUSY showing mh vs mS for X̂t = 0, tβ = 20.
The magenta (solid) curve is the fully resummed calculation, and the black (dotted), blue (dot-
dashed), and red (dotted) curves are the four-, three-, and two-loop fixed-order results obtained
by perturbatively solving the RGEs with 3-loop beta functions and Q = mS . Uncertainty
bands reflect the variation of Mpolet by 0.7 GeV. Taken from [52].
erators, the shift in mh is typically quite small, less than a few hundred MeV in
magnitude for 1 TeV stops and mixing parameter ranging from zero to maximal.
4.4. State of the Art
The most accurate EFT analyses of mh in the MSSM at present were per-
formed in [52, 69, 70]. In addition, [56] performed a “hybrid” calculation, resum-
ming large leading and next-to-leading log terms proportional to the top Yukawa
and strong gauge coupling, and including other corrections with a fixed-order
Feynman diagrammatic computation. A goal of the hybrid approach is a precise
calculation of the Higgs mass over an intermediate range of scales that may not
be efficiently covered by fixed-order or EFT alone.
Despite small differences in the included threshold corrections, [52], [69],
and [70] are in close agreement within remaining theoretical uncertainties, esti-
mated in [69] to be of order 1 GeV at mS of order 10 TeV. The hybrid calculation
of [56] is also in reasonably good agreement at these large scales, with minor
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Figure 8: An EFT calculation of mh in Heavy SUSY showing values of tβ and mS consistent
with mh ≈ 125 GeV for X̂t =
√
6. Taken from [52].
unresolved differences suggested to be due to the precision of the top Yukawa
calculation and electroweak contributions to βyt [52, 69, 70, 79].
In Figs. 7 and 8 we reproduce the Heavy SUSY results of [52] for X̂t = 0
and X̂t =
√
6. In the former case, it is found that stop masses above 10 TeV
are required to lift mh to the experimentally allowed range. In the latter case,
a lower SUSY scale is allowed, of order 2 TeV in the large tβ limit. Compatible
results were obtained in [69, 70], with [69] finding agreement to less than half a
GeV in a typical parameter point with small stop mixing.
Few-GeV discrepancies between the hybrid and full EFT approaches in the
low-mass range are not yet understood and are under active study. One possi-
bility again relates to the treatment of the top Yukawa extraction [52, 70, 79],
although this has been challenged in [78], and it was also suggested in [78] that
the EFT theoretical uncertainties may have been underestimated at low mS .
Analytic fixed-order formulae for mh from perturbative solutions to the SM
RGEs were obtained through 3-loop NLL order in [50] and 4-loop NNLL order
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in [52]. The latter was found to provide a good estimate for the complete
numerical solution for stop masses up to a few tens of TeV.10
4.5. EFT Beyond Heavy SUSY
Single-scale decoupling of the MSSM degrees of freedom may be a poor ap-
proximation if some MSSM fields have masses of order the weak scale or if
there is more than one large hierarchy in the spectrum. For example, flavor
constraints and model-building considerations motivate the possibility that the
gauginos are much lighter than the sfermions [17, 59–61]. Another possibility
with interesting phenomenology is mA ∼ mh  mS , in which case the appro-
priate effective theory below mS is a 2HDM.
For fixed values of the scalar masses, the Higgs mass in split scenarios can be
enhanced over the corresponding mass in heavy SUSY if µ,M1,2  mS [80–82].
The leading effect is a 1-loop box diagram of higgsinos and winos/binos that
contributes a new term to the running of the Higgs quartic below mS ,
β
(1)
λ,split = β
(1)
λ,SM +
[
6λ(g2 +
1
3
g′2)− (g2 + g′2)2 − 4g4(1− 2s2βc2β)
]
. (90)
The second terms in Eq. (90) controlled by the electroweak gauge couplings
decouple below the scale max(µ,Mi), but even a 1-loop splitting between scalars
and electroweakinos is sufficient to raise the Higgs mass by several GeV. The
most recent high-precision study of the Higgs mass in the presence of split SUSY
spectra was performed in [70]. It was shown in [70] that a full EFT treatment,
running with two sets of beta functions above and below the electroweakino
mass scale, is in fact very well approximated by the heavy SUSY EFT calculation
(with single scale decoupling) supplemented by a one-loop fixed-order correction
(essentially including the new terms in Eq. (90) via the 1-loop term in Eq. (82)).
The full EFT treatment of a 2HDM matched onto the MSSM is more in-
volved. The first comprehensive 1-loop study was performed in [83] and a more
10An accidental partial cancellation appears between fixed-order terms of order α2sαt and
αsα2t obtained in the EFT approach, first noted in [50]. At present, in the Feynman diagram-
matic calculation, only terms corresponding to order α2sαt are known [48, 49]; the EFT result
may motivate the full diagrammatic calculation of the αsα2t terms.
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fixed order RL scheme CPV? RPV? BMSSM?
SUSPECT [86] 2L — DR — — (gen.)
SPheno [87, 88] 2L — DR X X gen.
SoftSUSY [89–91] 2L — DR — X NMSSM
CPsuperH [92–94] 2L — MS X — —
FeynHiggs [19, 34, 54–56] 2L 2L mixed X — (NMSSM)
SUSYHD [70] — 3L DR X — —
H3m [49] 3L — DR /mixed — — —
NMSSMTools [95, 96] 2L — DR (X) — NMSSM
NMSSMCalc [97] 2L — DR/mixed X — NMSSM
FlexibleSUSY [98] 2L — DR — — gen.
Table 2: Summary of public codes. The column “fixed order” denotes the loop order to
which the Higgs spectrum is calculated. In this column “2L” typically indicates that the
known two-loop corrections have been incorporated, while the code H3m includes also the
three-loop corrections at order α2sαt. CPsuperH is fixed order in that sense that though the
effective field theory approach has been applied, the resummation of the leading and next-to
leading logarithms is truncated at 2-loop order. The column “RL” indicates the loop order at
which large logarithmic corrections are resummed; FeynHiggs uses two-loop beta functions for
yt and g3, while SUSYHD uses three-loop beta functions for all SM couplings. The columns
“CPV” and “RPV” indicate whether the codes permit CP-violating and R-parity violating
parameters, and the column “BMSSM” indicates whether the codes can accommodate models
beyond the MSSM. NMSSMCalc and NMSSMTools are NMSSM-specific codes, while Spheno
and FlexibleSUSY offer the possibility to generate a particle mass spectrum for more general
models linking the computer code Sarah, which is indicated by “gen.”. Parenthesis indicate
features that are in progress but not yet publicly available.
recent analysis was performed in [84]. A high-precision study was recently pre-
sented in [85]. In particular, lower bounds are found on combinations mA and
tanβ, corresponding to parameter points at which the suppression of mh by
mixing effects is so large that radiative corrections to mh from stops and elec-
troweakinos cannot accommodate mh = 125 GeV. We refer the reader to [85]
for further details.
5. Public Computer Programs
A number of groups have created publicly-available codes for precision
computations in supersymmetric models. Together, the codes calculate a broad
range of phenomenological properties, including spectra, branching ratios, col-
lider cross sections, low-energy observables, renormalization group behavior, and
cosmological predictions. Originally, most codes only performed calculations in
simple limits of the MSSM. Subsequently the codes underwent sophisticated
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development to operate on the full MSSM including flavor, CP , and R-parity
violating effects, and more recently they have evolved to calculate in a wide va-
riety of beyond-the-MSSM (BMSSM) models. Here we briefly review the most
important features of the Higgs mass calculations implemented by the various
codes in the context of the MSSM. A summary is given in Table 5.
Most public codes, with two recent exceptions discussed below, perform
what are in essence fixed-order computations of mh in the full MSSM. The
most sophisticated fixed-order codes, CPsuperH [92–94], SPheno [87, 88], SuS-
pect [86], SoftSUSY [89–91], FeynHiggs [19, 34, 54–56], and H3m [49], calculate
full 1-loop radiative corrections to the Higgs spectrum as well as the leading
2-loop corrections controlled by the strong gauge coupling and third-generation
Yukawa couplings, and in the case of H3m, 3-loop corrections at order α2sαt.
These calculations are expected to be highly accurate for superpartners near
the 1 TeV scale, where log(mS/mt) is not large enough to require EFT tech-
niques.
The codes differ firstly in their choice of renormalization scheme. In its
default configuration, FeynHiggs performs an on-shell calculation. CPsuperH
implements an MS calculation, and is most similar to the EFT calculation with
2-loop series expansion around Q = mt [99]. SPheno, SuSpect, and SoftSUSY
are the most similar to each other, using the DR scheme with user-controlled
choice of renormalization scale. All three numerically solve 2-loop RGEs to run
couplings and masses to the chosen scale, and SoftSUSY has recently imple-
mented 3-loop RGEs [91]. H3m is also a DR calculation, converting the 2-loop
on-shell result from FeynHiggs to DR and adding the α2sαt 3-loop correction.
Among the 2-loop DR codes, small differences arise in the computations
of the threshold corrections that relate SM observables to MSSM running cou-
plings. The most numerically significant differences are formally of higher order
in the perturbative expansion, and therefore no one prescription is clearly pre-
ferred. The spread in the results for mh can then be interpreted as a measure of
the theoretical uncertainty from missing higher-order corrections. Early com-
parisons between SPheno, SuSpect, and SoftSUSY were performed in [45].
42
1 5 10 50 100
110
115
120
125
130
135
mSUSY (TeV )
m
h
(GeV
)
Xt /mSUSY=0, tanβ=20
Feyn
Higg
s
Susp
ect
SUSY
HD
Figure 9: Comparison of the fixed-order code Suspect, the hybrid code FeynHiggs, and the
EFT code SUSYHD as a function of the soft SUSY-breaking scale, taken from [70]. Above
20 TeV, Suspect encounters instabilities; FeynHiggs is stable up to scales of order 40 TeV;
and the fully-resummed calculation in SUSYHD allows calculations to much higher scales.
However, the sources of discrepancies in regions where all codes are stable, particularly at
scales of order 1 TeV, and the robustness of theoretical uncertainties in the EFT calculation
at such scales, is not widely agreed-upon at present [69, 70, 78].
At present, FeynHiggs and the code SUSYHD [70] are the only public
codes that can perform an EFT calculation. The EFT implementation in Feyn-
Higgs uses a hybrid scheme to resum next-to-leading logarithmic terms con-
trolled by the strong gauge couplings and the top Yukawa and add them to the
fixed-order subleading terms from a Feynman diagrammatic calculation [56].
SUSYHD is a Mathematica package offering a full EFT calculation (3 loop SM
running + 2 loop matching) for both heavy SUSY and split SUSY.
5.1. Existing Comparisons of Fixed-Order and EFT Codes
With both fixed-order and EFT public codes available, it is clearly of
interest to know in which regimes of parameters, particularly mS , one type
of calculation is favored over the other. At present, this question has only a
qualitative answer without a sharp boundary, and is an active area of study.
Here we briefly summarize some of the recent results.
Ref. [69] compared modern versions of SPheno, SuSpect, SoftSUSY, and
FeynHiggs to each other and to an EFT calculation resumming next-to-next-to-
leading logarithmic terms. For 1 TeV superpartners, as discussed above, the ex-
isting EFT calculations are missing v/mS terms that are not highly suppressed.
Relative to the EFT, the 2-loop fixed order codes primarily miss higher-order
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logarithmic terms, although the logs are not large in this case, and higher-order
terms associated with the extraction of ht from mt,pole. Ref. [69] found that
for large At (necessary to achieve mh ' 125 GeV in the MSSM with TeV-scale
SUSY), there is a 2 GeV spread among DR fixed-order codes around 125 GeV,
the EFT calculation gives an mh more than a GeV lower than those codes, and
FeynHiggs yields a result several GeV higher. The large spread suggests that
higher order corrections will still contribute at least ±3 GeV to some of the
calculations for mS of order 1 TeV.
For superpartners heavier than 2-3 TeV, the 2- and 3-loop fixed-order
computations employed by current codes are expected to lose precision due to
the absence of logarithmically-enhanced higher-order corrections. For example,
at mS = 3 TeV, running FeynHiggs in its fixed order vs hybrid modes shifts mh
by ∼ 3 GeV (although the magnitude of this shift depends on the renormaliza-
tion scale chosen in the fixed-order computation, and can be made smaller by
choosing renormalization scales of order mS instead of mt, due to the decrease
in ht). In both the FeynHiggs hybrid mode and in SUSYHD, the result for
mh is more stable for mS above 10 TeV than in purely fixed-order calculations.
This is exhibited in Fig. 9, taken from [70]. At large scales the FeynHiggs result
remains typically slightly larger than what is found with SUSYHD and other
EFT calculations, and in particular is currently outside the large-mS theoreti-
cal uncertainty estimated in [69]. As mentioned previously, this may be due to
the use of the NLO top Yukawa in [56] (consistent with the use of 2-loop beta
functions in FeynHiggs) vs. the NNLO+partial N3LO value used in the other
calculations.
5.2. Beyond the MSSM
Recently, many codes have developed for precision calculations in models
beyond the MSSM. NMSSMTools [95, 96] computes the Higgs masses and de-
cay rates in the NMSSM including leading two-loop corrections to the spectrum.
NMSSMCALC [97] also computes spectra and phenomenology in the NMSSM,
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and in addition allows explicit CP violation in the parameters.11 SoftSUSY has
likewise been extended to the NMSSM [90] and linked to NMSSMTools [95, 96],
and SuSpect has also recently been expanded to permit implementation of
BMSSM calculations [101]. A particularly versatile tool is the “spectrum gen-
erator generator” SARAH [102–106], which can convert Lagrangian input into
spectrum-calculating source code for injection into SPheno [87, 88] and Flex-
ibleSUSY [98]. In the Higgs sector, both Spheno and FlexibleSUSY calculate
full 1-loop radiative corrections, while Spheno can be extended to include the
dominant two-loop corrections in the effective potential approximation [105],
and FlexibleSUSY can compute leading two-loop corrections in the MSSM and
NMSSM. A recent comparison of NMSSM codes was performed in [107], and
differences between codes were traced primarily to the extractions of DR pa-
rameters from SM observables and types of 2-loop corrections included in the
calculation.
6. Conclusions
The mass of the Higgs boson is a sensitive probe of physics beyond the
Standard Model. We have reviewed the precision calculation of the lightest
Higgs mass in the Minimal Supersymmetric Standard Model, where mh receives
large radiative corrections sensitive to a variety of other masses and couplings.
Two methods of calculation stand out, with different strengths and weaknesses:
the Feynman-diagrammatic calculation, capturing all radiative corrections order
by order in a loop expansion, and the effective field theory calculation, which
captures corrections with large logarithms to all orders. We have described in
detail the calculation of the simplest leading terms in both cases and explained
the sources of higher-order corrections. We have also summarized the state of
the art for both calculations and reviewed the public codes available to compute
the Higgs mass numerically over the MSSM parameter space.
Of particular interest to the LHC program is the possibility that (some)
11NMSSMTools is also being extended to include complex parameters; see [100].
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superpartners lie below ∼ 1 − 2 TeV. Which experimentally accessible regimes
of MSSM parameters, in particular the stop masses and mixings and tanβ, are
compatible with mh = 125 GeV? At present, the Feynman-diagrammatic and
effective field theory calculations yield different answers to this important ques-
tion, pointing to theoretical uncertainties that can only be reduced with further
calculation of higher-order corrections. Natural next steps for the Feynman-
diagrammatic approach include the calculation of additional 3-loop terms at
fixed order, as well as the inclusion of 2-loop threshold corrections and 3-loop
beta functions in the hybrid calculation. The uncertainties in the EFT approach
can be reduced by extending the modern calculations to include the matching
of higher dimension operators. We hope that this review will provide a useful
entry point to researchers interested in contributing to this timely program.
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